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Abstract. Learning Bayesian network is a problem to obtain a network that is 
the most appropriate to training dataset based on the evaluation measures given. 
It is studied to decrease time and effort for designing Bayesian networks. In this 
paper, we propose a novel online learning method of Bayesian network  
parameters. It provides high flexibility through learning from incomplete data 
and provides high adaptability on environments through online learning. We 
have confirmed the performance of the proposed method through the compari-
son with Voting EM algorithm, which is an online parameter learning method 
proposed by Cohen, et al. 

1   Introduction 

The parameters of a Bayesian network (BN) are determined by the use of expert opin-
ion or by learning from data [1]. The former has the advantage of reflecting experts’ 
knowledge, but it is a difficult and time-consuming process. Moreover, it is not clear 
whether the network designed by the experts is really the most appropriate model for 
the domain. Although the latter, learning from data, can overcome the problems of the 
former, it is not always available because the data cannot be ready at all the time the 
BN is constructed. Furthermore, it cannot consider the change of environments. 

To overcome these limitations, online learning methods are discussed [2], [3]. Online 
learning of BN parameters is a method that learns parameters of BN using the given 
data and parameters at time t. Cohen, et al. proposed Voting EM algorithm which 
adopts EM(η) algorithm to online learning [4], [5]. Zhang, et al. verified the usefulness 
of Voting EM algorithm by utilizing it to flood decision-supporting system [6]. 

Although, in the case of complete data, Voting EM algorithm can quickly converge 
to the proper parameters, in the case of incomplete data, it adapts parameters partially 
and incorrectly. It is because Voting EM algorithm is based on EM algorithm. EM 
algorithm can estimate the missing data by using many data, but Voting EM algo-
rithm, which uses only one data, cannot do well. In this paper, we propose a novel 
method for online BN parameter learning which can overcome the limitation of Vot-
ing EM algorithm. 
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2   Voting EM Algorithm 

Let xi be a node in the network that takes any value from the set {xi
1, xi

2,…, xi
p} and   

πi be the set of parents of  in the network that takes one of the configurations denoted 
by {πi

1, πi
2,…, πi

p} then we can define an entry in the CPT (Conditional Probability 
Table) of the variable xi as θijk = P(xi = xi

k | πi = πi
j). Online learning of BN parameters 

is to get the new set of parameters Θt+1 from the given set of parameters Θt and the 
observed data dt at time t as follows:  

)],()|([maxarg1 tt dDL ΘΘ−Θ=Θ
Θ

+ η . (1) 

Where L(Θ|D) denotes log likelihood and d(Θ, Θt)  denotes the distance between the 
sets of parameters, Θ and Θt. Therefore, Θt+1 is the new set of parameters which has 
high log likelihood with given data set D and the character of the set of parameter Θt. 
η, which is the importance of log likelihood comparing with distance factor, denotes 
learning rate. Bauer, et al. solve the maximization problem of Eq. (1) with constrains 
that Σk θijk = 1 for all i and j, called EM(η) algorithm [3]. Cohen, et al. proposed Vot-
ing EM algorithm which adapted EM(η) algorithm to online learning [4], [5].  
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As shown in the Eq. (2), Voting EM algorithm only learns the parameter θijk
t+1 

when the node xi is observed. Moreover, even though the node xi is observed, if all of 
the parent nodes of xi are not observed, it does not learn correctly because it does not 
consider the relation between the node xi and unobserved parent nodes. 

X1 X2

X3 X4
 

Fig. 1. Simple Bayesian network 

For example, if there exists Bayesian network like Fig. 1 and if the node x3 is un-
observed node (dt = {x1

a, x2
b, x3

?, x4
d}), the parameters at the node x3 are not learned 

and the parameters at the node x4 are learned without considering the effect of the 
node x3 as follows: In the case of  P(x3

j | dt, Θt)≠0, if x4
k
≠x4

d then θ4jk
t+1 = (1–η) θ4jk

t 
and if x4

k = x4
d then θ4jk

t+1 = (1–η) θ4jk
t + η. Otherwise, θ4jk

t+1=θ4jk
t. In other words, if 

the node x3 is unobserved, the node x4 only learns the probability P(x4 = x4
d | dt, Θt) 

and it cannot correctly learn the relation between x3 and x4 which means P(x4 = x4
d | 

π4
j
, dt, Θt). In this paper, we propose a novel method to overcome such limitations of 

Voting EM algorithm which can learn BN parameters with incomplete data. 
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3   Proposed Learning Method 

The data used for learning BN parameters online are the observed value x̂i
k, which 

denotes the value of observed state of each node xi, and the predicted value P(xi = xi
k | 

dt – {xi}, Θt), which shows how well the set of parameters Θt can predict the situation 
dt. The value of x̂i

k is 1 when the state of node xi is k; otherwise, it becomes 0. Using 
these data, we first find the set of parameters Θ  well fit for the data dt, and get the 
next set of parameters Θt+1 by exponential smoothing method as following equation:  

ijk
t
ijk

t
ijkijk θηθηθ +−=∀ + )1( , 1 . (3) 

where η denotes the rate of convergence. 
Now let us find out how we get the set of parameters Θ . If we have the Bayesian 

network structure that consists of n nodes, let O = {xO1, xO2,…, xOa} be the set of ob-
served nodes except xi and U = {xU1, xU2,…, xUn-a-1} be the set of unobserved nodes 
except xi. Then we can get the predicted value P(xi = xi

k | dt – {xi}, Θt) by Eq. (4) and 
it can be rewritten as Eq. (5), which consists of CPT variables, by using the independ-
ent assumption and chain rules.  
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Through canceling, we can simplify Eq. (5) to A / (A + B), where A and B consist of 
the sum of multiplication of CPT variables. Therefore, we can update the parameters as 
the following. If the observed value x̂i

k is 1, it increases A and decreases B; if the value 
is 0, it decreases A and increases B. However, there are too many factors consisting of 
A and B, and so it requires much computational time to apply for all i and k. We as-
sume that only the parent nodes of xi affect the node xi and the affected parent nodes 
are independent. With these assumptions, we can rewrite Eq. (5) as Eq. (6).  

We update the parameters, which are related with the predicted value P(xi = xi
k | dt 

– {xi}, Θt) by using Eq. (6) and the value of observed node x̂i
k according to the weight 

to the predicted value. 
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The following pseudo code shows the whole process of the proposed method. 



312 S. Lim and S.-B. Cho 

Pseudo code of proposed method 

procedure OnlineLearning(dt) 
begin 
  for all xi∈S   //S is the structure of BN 
    for k:=0 to pi  
      if x̂i

k :=1 then Update(i,k,1.0); 
      else if x̂i

k :=0 then Update(i,k,-1.0); 
  for all ωijk ∈ Ω  //Ω is a set of weights for updating t 
    if ωijk > 0 then θ ijk 

:=(1- ωijk)+  ijk

t+ ωijk; 
    else θ ijk 

:=(1- ωijk)+ ijk

t; 
  for all i, j ∈ Θ  
    normalize to Σ∀k θ ijk

=1; 

  for all θ ijk 
∈ Θ  

    ijk

t+1:= (1-η) ijk

t + ηθ ijk
; 

end 

procedure Update(i,j,w) 
begin 
  if w < threshold then return; 
  for all πi

j 
∈ S 

    ωijk := ωijk + wP( i

j | dt -{xi}, t); 
  for all πi

j 
∈ S 

    if P( i

j | dt -{xi}, t) ≠0 then 
      for all xa

b 
∈ i

j and xa at dt = null 
        Update(a, b, w ijk

t ∏ }{
b

a

j

i

d

c xx −∈ π P(xc

d | dt -{xi}, t)); 
end 

4   Experiments 

We have conducted a comparison test with Voting EM algorithm at Asia network to 
manifest the performance of the proposed method. We have collected 10,000 data as 
the samples of learning data: To test the adaptability, we get the first 5,000 of the data 
from the real network and the last 5,000 of the data from the modified network where 
the probability of the attack of tubercle when he or she visits Asia to 40%. 

The comparison test has been conducted by changing the missing rate of data and 
the learning rate. The missing rate that is unobserved value at the tuberculosis node is 
changed from 0% to 100% with 10% intervals and the learning rate is changed from 
1% to 50% with 1% intervals. We evaluate the learned parameters using the distance 
between the learned parameter and real parameter as follows:  

∑ ′−=′
kji

ijkijkD
,, allfor 

||),( θθθθ . 
(7) 

Fig. 2 shows the distance of Voting EM algorithm and the proposed method from 
the real parameters in terms of missing rate and learning rate. As shown in Fig. 3(a), 
when the given data is complete, both algorithms manifest the same performance: 
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When the data is complete, the proposed method is the same as the Voting EM algo-
rithm. However, when the data is incomplete, Voting EM algorithm shows great dif-
ference when compared with the result of the complete data. It shows that Voting EM 
algorithm is weak when the incomplete data is used. Especially, when the missing rate 
is 100% (no data at tuberculosis node), it has learned nothing. On the other hand, the 
proposed method is robust at incomplete data. In the case of learning rate, Fig. 2(b) 
shows that the proposed method performs better than Voting EM algorithm. More-
over, it shows that the learning 2% provides the best performance. 

Fig. 3 shows the convergence of the proposed method and Voting EM algorithm to 
real value according to the missing rate at tuberculosis node. As shown in Fig. 3(a), 
the proposed method provides better performance than Voting EM algorithm and Fig. 
3(b) shows that the proposed method can acknowledge the change of environments 
though Voting EM algorithm learns nothing when the missing rate is 100%. Although 
it seems that the proposed method shows worse performance than Voting EM algo-
rithm after time 9000 in Fig. 3(b), if we compare it with all the other parameters, the 
proposed method performs better than Voting EM algorithm as shown Fig. 2(a). 
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       (a) Result through the missing rate              (b) Result through the learning rate  

Fig. 2. Result of comparison test 

     
              (a) Missing Rate 50%                             (b) Missing Rate 100% 

Fig. 3. Convergence to real value at node tuberculosis using 02.0=η  
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5   Concluding Remarks 

Online BN learning is needed for modeling the variable environment or the change of 
user’s preference. Voting EM algorithm is one of good methods to learn BN parame-
ters online. However, there are limits to its capability in learning with the incomplete 
data. In this paper, we have proposed an online learning method of BN parameters 
which works well with incomplete data. We have confirmed the performance of the 
proposed method through the comparison with Voting EM algorithm. 

For the future works, it is required to analyze the convergence of the proposed 
method and conduct more experiments in realistic domains. In addition, by adding a 
mechanism in order to automatically adjust the learning rate η, we can obtain an en-
hanced version of the online learning method that learns more quickly than the pre-
sent method. 
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